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| ast Week: RL

. RL Is trial-and-error learning, balancing
exploration and exploitation across
long-term rewards

. State: the current situation the agent is in
. Action: what the agent does next
. Reward: the signal for how good that action was

. Policy: the strategy for choosing actions
. [rajectory: a sequence of states, actions, and rewards
« T =— (S(),a(), r()aslaala rla' . )
. Trajectory probability: P(r | w) = p(so) [[,—o 7(az | s¢t) p(st+1 | 8¢, az)
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| ast Week: Step 1/3: SFT

. Start from pre-trained LMs svsTEm

You are a helpful, harmless assistant. A system message like
this can be used to steer the model to specific personas or

. . behaviors.
. Collect demonstrations of desired
assistant behavior USER

Write me a short poem about an optimistic

goldfish.

. Train with standard supervised —
learning on prompt-response pairs Bright little goldfish

- Finds a sunrise in each wave
N N Small bowl, endless hope
Lerr(0) = — ) logmy (y; | =,y%,).
t=1
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| ast Week: Step 2/3: Reward Modeling

. Core idea: The reward used In RLHF Is the model predicts the
orobability that a given piece of text would be the "winning" or
'chosen" completion in a pair/batch

. Why? there is no practical way to collect human preference on the
fly during training... » approximate with a reward model!

. Collect comparisons for the same prompt (x, Yuw, Y1)

RLHF gets its name from collecting human feedback between
completions, but today much of it Is Al feedback

. Train a reward model re LO Score oreferred completions higher
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| ast Week: Step 3/3: RL Against RM

. Where everything comes together

. Sample a batch of prompts  ~ D
. " TunedLanguage )

° G e n e ra te CO m p ‘ et | O n S yZ NS 7T9 ( * ‘ mz ) flnitial Language ModeI\ ModtS(RL gpligy)
o /o8 Crose e ro
@)/ 90, &0/ ¢

. : : o 079 N 0«0+ VyJ(0)
. Score with the reward model r4(z;, y;) it 3 (
®O®® gfz?ate POO® :Rnev:a:d (Preference)
. Apply PPO or other RL algorithms i

Add a KL penalty so the policy stays
close to the SFT/reference model

J(m) = Elrg(z,y)| — BDKL(7 || mret)
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[ LMs In 2025 ~

. The advancement of reasoning models

Competition Math Competition Code PhD-Level Science Questions
(AIME 2024) (Codeforces) (GPQA Diamond)
100 - 100 - 100 -
89.0
893 783  78.0
80 - 80 - ' '
> 60 - % > 60 -
o c o
3 S Q
8 40 - Q & 40 -
20 13.4 20 =
0- 0=
gptd4o ol o1 gpt4o o1 o1 gpt4o o1 ol expert
preview preview preview human

OpenAl o1 started to achieve impressive performance across various challenging
reasoning tasks in math, coding, STEM, etc.
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LM History

. 2017:the Transformer Is born
. 2018: GPT-1, ELMo, and BERT released
. 2019: GPT-2 and scaling laws

. 2020: GPT-3 surprising capabillities

. 2022: ChatGPT

. 2023: GPT-4 and frontier-scale

. 2024 ol and reasoning models

. 2025: DeepSeek-RI1, 03, Claude Code
. 2026 Agentic systems
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Train-Time Scaling

. We know the "train-time" scaling

Lambada

Zero-Shot SOTA
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Test-Time Scaling

. INcreasing test-time (Inference) also improves the performance

o1 AIME accuracy o1 AIME accuracy
during training at test time
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Note: AIME Task

For any finite set X, let | X'| denote the number of elements in X. Define

S.=)» |ANB

where the sum is taken over all ordered pairs (A, B) such that A and
B are subsets of {1,2,3,--- ,n} with |A| = |B|. For example, S; = 4
because the sum is taken over the pairs of subsets

(4, B) € {(0,0), ({1}, {1}), ({1}, {2}), ({2}, {1}), (12}, {2}), ({11, 2}, {1, 2})

giving S, =0+ 1+0+0+1+2 = 4. Let 22022 — 2 where p and g

S2021

q
are relatively prime positive integers. Find the remainder when p + ¢ is
divided by 1000.

S
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ol: Hidden Thought
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You are visiting San Francisco for the day and want to meet as many
friends as possible. Solve the problem by considering various
different schedules and picking the best one to optimize your goals.

Travel distances (in minutes):

Bayview to Alamo Square: 16.

Bayview to Union Square: 17.

Bayview to Golden Gate Park: 22.
Alamo Square to Bayview: 16.

Alamo Square to Union Square: 14.
Alamo Square to Golden Gate Park: 9.
Union Square to Bayview: 15.

Union Square to Alamo Square: 15.
Union Square to Golden Gate Park: 22.
Golden Gate Park to Bayview: 23.
Golden Gate Park to Alamo Square: 10.
Golden Gate Park to Union Square: 22.

User
query

CONSTRAINTS: You arrive at Bayview at 9:00AM. Ronald will be at
Alamo Square from 8:30AM to 7:45PM. You'd like to meet Ronald for
a minimum of 90 minutes. Richard will be at Union Square from
2:30PM to 9:45PM. You'd like to meet Richard for a minimum of 30
minutes. Kenneth will be at Golden Gate Park from 10:00AM to
3:15PM. You'd like to meet Kenneth for a minimum of 60 minutes.

&) Thought about optimizing meeting schedules for 1m 14s

Below is one clear way to fit in all three visits without wasting time, together with the travel times

and the required minimum meeting windows. The key insights are:

Model-generated response

Details X

Crafting meeting logistics

I'm collaborating on a schedule to meet Ronald,
Richard, and Kenneth, ensuring each meeting fits
within their specified time slots, factoring in travel
time and optimal routing.

Mapping travel logistics

Evaluating the best route to Golden Gate Park first,
considering travel time and waiting for Kenneth.
Balancing early arrival against travel efficiency.

Crafting the itinerary

Piecing together a travel plan, starting with Kenneth,
then Ronald, and ending with Richard. Assessing the
optimal sequence and meeting durations.

Mapping travel routes

OK, let me see. Traveling from Golden Gate Park to
Alamo Square, I'm thinking about extending Ronald's
meeting to 1.5 hours then moving to Union Square to
meet Richard.

Evaluating options

I'm weighing the benefits of a longer Ronald meeting
or a later one to avoid waiting for Richard. The goal is
to strike a good balance.

Balancing schedules

I'm organizing a plan to visit Alamo Square first, then
head to Golden Gate Park to meet Kenneth. This
seguence maximizes time management and minimizes
travel between meetings.

Streamlining the timeline

I'm thinking through the optimal approach: meeting
Ronald for an uninterrupted 90 minutes to avoid
waiting for Richard and making efficient use of the
available time before 2:30.

Tweaking the schedule

Meeting Ronald for 90 minutes as scheduled, then
quickly traveling to Union Square. This reduces
waiting time significantly.

Mapping the timeline

Summarized

hidden
thought
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| ecture Overview

. Reasoning without Training
Nnference-time scaling

Ncreasing token pudget
ncreasing "width" of the trajectory
ncreasing "depth" of the trajectory

. Training Reasoning
. RLVR
. GRPO family
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Reasoning without Tralning
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Core |dea: Generate a Long Seqguence [wei+ 2022]

. Trigger the LLM to generate a long chain-of-thought (CoT)
Chain-of-Thought Prompting

/{ Model Input ) \

Q: Roger has 5 tennis balls. He buys 2 more cans of

tennis balls. Each can has 3 tennis balls. How many . .
tennis balls does he have now? ApprOaChes to trigger CoT generation

A: Roger started with 5 balls. 2 cans of 3 tennis balls Few_Sh(?t CoT prom pting
each is 6 tennis balls. 5 + 6 = 11. The answer is 11. * Instruction prompting

| * [nstruction tuning
Q: The cafeteria had 23 apples. If they used 20 to , .
make lunch and bought 6 more, how many apples * Reinforcement learning

do they have? j

\—
/( Model Output ~

A: The cafeteria had 23 apples originally. They used
20 to make lunch. So they had 23 - 20 = 3. They
bought 6 more apples, so they have 3 + 6 =9. The

\answer is9. o Thought j
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Moaqgels

Reasoning and inference-time scaling with

Ncrease the token budget to generate a single solution
Nncrease the width to explore the solution space
INcrease the depth to reach the final solution
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INcreasing the Token-Budget
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Recap: Standard Prompting

Standard Prompting

Before advancement in post-training,

. . (C Model Input ) \
stan d 3 rd p FOIM ptl A g pe rfOrm dnce 15 pOOr Q: Roger has 5 tennis balls. He buys 2 more cans of
ON reason 1N e be NC h M3 rkS tennis balls. Each can has 3 tennis balls. How many

tennis balls does he have now?
Exemplar
A: The answer is 11.
o ’7
W hy ' Q: The cafeteria had 23 apples. If they used 20 to
Sta N d = rd ]Ce\/\/-S }a Ot exem p ‘ ars on ‘y make lunch and bought 6 more, how many apples
. . . . . do they have?
orovide information on the final solution \_ J
format, not the rationale to derive the
SO‘ UtiOn Model Output)
A: The answer is 27. x ]
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"Thinking" iIn LLM

. Standard model answers directly:

What is the sum of all prime numbers less than 207

The primes less than 20 are 2, 3, 5, 7, 11, 13, 17, 19. Their sum is 77.

. Reasoning model generates <think> tokens before answering:

<think> | need to find all primes less than 20. Starting from 2: 2 is prime. 3 is prime. 4 = 2x2, not prime.
5is prime... Let me add them up: 2+3=5, 5+5=10, 10+7=17, 17+11=28, 28+13=41, 41+17=58, 58+19=77.
</think>

The answeris| 77 |.

Verification: extracted answer == 77 — Reward =1

+ additional inference-time scaling we will learn
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Chain-of-Thought (CoT) [wei+ 2022

Standard Prompting Chain-of-Thought Prompting
K( Model Input ) \ /( Model Input ) \
Q: Roger has 5 tennis balls. He buys 2 more cans of Q: Roger has 5 tennis balls. He buys 2 more cans of

tennis balls. Each can has 3 tennis balls. How many

tennis balls. Each can has 3 tennis balls. How many tonnis balls he h n
ennis palls does ne nave Now : Thought

tennis balls does he have now?

| | Exemplar A: Roger started with 5 balls. 2 cans of 3 tennis balls
A: The answer is 11. each is 6 tennis balls. 5 + 6 = 11. The answer is 11.
Q: The cafeteria had 23 apples. If they used 20 to Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples make lunch and bought 6 more, how many apples

do they have?

PFAN
f( Model Output

do they have?

J

Model Output A: The cafeteria had 23 apples originally. They used
20 to make lunch. So they had 23 - 20 = 3. They
A: The answer is 27. x bought 6 more apples, so they have 3 + 6 =9. The

/ Qnswer is9. & J
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Chain-of-Thought (CoT) [wei+ 2022

GSM8K
solve rate (%)
D
=

-

MAWPS SVAMP
solve rate (%) ,_. solve rate (%)
o %3 w3 o888 3
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—e— Standard prompting
—&— Chain-of-thought prompting
- - - Prior supervised best

LaMDA

GPT Pal.M
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Model scale (# parameters in billions)
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. Col performance improves more significantly
with the increase of the model size

. Better models benefit more from CoT

A d

astic Improvement on reasoning

oerformance when the model reaches a
certain scale (emergent abllities)

. Note: these experiments used base LLMs

ecen:
differe
conclu

A

t scall
o

nost-trained LLMs

MIight have

Ng curves, bu
ons still hold

t the main
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Note: Emergent Ability

. Emergent abilities: only appear when models are very large

. Note: emergent abilities are an artifact of how we measure accuracy
A

- - - — 100 - - -
Emergent Abilities 3 No Emergent Abilities
S
—
S 0
C 1.0 16— namescnesen o || Target Str Len 9‘2 E Target Str Len
7 —— 5 " B —o—
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©
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%. 04 > /y/ _8 o
— o — = 0.2 !
= : | i i : -0.6
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10° 1010 101 Model Parameters 10° 1010 Lot
Model Parameters Model Parameters
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(a) Few-shot

@oger has 5 tennis balls. He buys 2 more cans of te@

balls. Each can has 3 tennis balls. How many tennis balls does
he have now?
A: The answer is 11.

Q: A juggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A:

(Output) The answer is 8. X

N /
(c) Zero-shot

6 A juggler can juggle 16 balls. Half of the balls are golf balls\
and half of the golf balls are blue. How many blue golf balls are

there?
A: The answer (arabic numerals) is

(Output) 8 X

/ero-Shot Col  [Kojima+2022]

. "Let's think step by step" triggers Col generation without examples

(b) Few-shot-CoT

ﬁRoger has 5 tennis balls. He buys 2 more cans of tew
balls. Each can has 3 tennis balls. How many tennis balls does
he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis balls each is 6
tennis balls. 5 + 6 = 11. The answer is 11.

Q: A juggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A:

(Output) The juggler can juggle 16 balls. Half of the balls are golf

| /

balls. So there are 16 / 2 = 8 golf balls. Half of the golf balls are
\b\/ue. So there are 8/ 2 = 4 blue golf balls. The answer is 4. //

(d) Zero-shot-CoT (Ours)

ﬁ): A juggler can juggle 16 balls. Half of the balls are golf balls\
and half of the golf balls are blue. How many blue golf balls are

there?
A: Let’s think step by step.

(Output) There are 16 balls in total. Half of the balls are golf
balls. That means that there are 8 golf balls. Half of the golf balls
Ere blue. That means that there are 4 blue golf balls. v J

ECE/115 Multimodal VLM (Spring 2026)




/ero-Shot Col  [Kojima+2022]

Arithmetic

SingleEq AddSub MultiArith  GSMS8K AQUA SVAMP
zero-shot 74.6/78.7 72.2/77.0 17.7/22.7 10.4/12.5 22.4/22.4 58.8/58.7
zero-shot-cot 78.0/78.7 69.6/74.7 78.7/79.3 40.7/40.5 33.5/31.9 62.1/63.7
Common Sense Other Reasoning Tasks Symbolic Reasoning

Common Strategy Date Shuffled Last Letter ~ Coin Flip

SenseQA QA Understand Objects (4 words) (4 times)
zero-shot 68.8/72.6 12.7/54.3 49.3/33.6 31.3/29.7 0.2/- 12.8/53.8
zero-shot-cot 64.6/64.0 54.8/52.3 67.5/61.8 52.4/52.9 S7.6/- 91.4/87.8

Generative Computing Lab
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/ero-Shot Col  [Kojima+2022]

. Current (but old...) LLMs are sensitive to prompt design

No. Category Template Accuracy
1 instructive  Let’s think step by step. 78.7
2 First, 77.3
5 Let’s think about this logically. 74.5
4 Let’s solve this problem by splitting it into steps. 122
5 Let’s be realistic and think step by step. 70.8
6 Let’s think like a detective step by step. 70.3
7 Let’s think 57.5
8 Before we dive into the answer, 55.7
9 The answer 1s after the proof. 45.7
10  misleading Don’t think. Just feel. 18.8
11 Let’s think step by step but reach an incorrect answer. 18.7
12 Let’s count the number of "a" in the question. 16.7
13 By using the fact that the earth is round, 9.3
14  irrelevant By the way, I found a good restaurant nearby. 17.5
15 Abrakadabra! 135
16 It’s a beautiful day. 13.1
- (Zero-shot) 17.7

Zero-shot CoT on MultiArith with text-davinci-002
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/ero-Shot Col  [Kojima+2022]

But zero-shot Col Is still worse than the few-shot CoTl

MultiArith  GSMBK

Zero-Shot 17.7 10.4
Few-Shot (2 samples) 33.7 15.6
Few-Shot (8 samples) 33.8 15.6
Zero-Shot-CoT 78.7 40.7
Few-Shot-CoT (2 samples) 84.8 41.3
Few-Shot-CoT (4 samples : First) (*1) 89.2 -
Few-Shot-CoT (4 samples : Second) (*1) 90.5 -
Few-Shot-CoT (8 samples) 93.0 48.7
Zero-Plus-Few-Shot-CoT (8 samples) (*2) 92.8 51.5

. How to improve Col performance without manually labeled examples?
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Analogical Prompting [chen+2024]

Crompt LLM to recall relevant examples, before solving the problem

~—_Model Input . ,—{ Model Output )

Q: What is the area of the square with the four vertices at (-2, # Relevant exemplars:

2), (2,-2), (-2, -6), and (-6, -2)? Q: What is the area of the square with a side length of 57
A: The area of a square is found by squaring the length of its side.

# Instruction: So, the area of this square is 502 = 25. ...

## Recall relevant exemplars:

## Solve the initial problem: # Solve the initial problem:

To find the area of the square, we need to find the side length.

The lengthis ... \sqrt{(2 - (-2))*2 + (-2 - 2)*2} = \sqrt{32}. So, the
area of the square is (\sqrt{32})*2 = 32.

. .= Examples are self-generated by LLMs, no manual labeling
-xamples are tailored to individual problems

£
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Analogical Prompting [chen+2024]

Codeforces problem
4< Our Prompt: Self-generate Exemplars + Knowledge >

Your goal is to write Python3 code to solve competitive programming problems. Given a problem, explain the core concepts in it and provide
other relevant problems. Then solve the original problem.

# Problem:
You are given a sequence a_1, a_2, .., a_n. Each element of a is 1 or 2. Find out if an integer k exists so that the following conditions are
met. 1 <k £ n-1, and a_1 - a_2 .. a_k = a_{k+1} .. a_n. If there exist multiple k that satisfy the given condition, print the smallest.

# Instruction:

## Algorithms:
Identify the core concepts or algorithms used to solve the problem.

## Tutorial:
Write a tutorial about these algorithms.

## Example Problems:
Provide three examples of relevant competitive programming problems that involve these algorithms. For each problem, describe the problem,
explain the solution in detail, and then write the correct Python3 code.

## Python3 code to solve the original problem:
- Explanation of the solution:
- Python3 code to solve the problem:
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Analogical Prompting [chen+2024]

. |t outperforms zero-shot Col and manual few-shot CoTl

Math problems Code generation Temporal reasoning
(GSMB8K, text-davinci-003) (Codeforces, GPT3.5 turbo) (BIG-Bench, GPT3.5 turbo)

61.0%

54.0% 57.6%
50.3%
44.8%
15% 40.4%
o)
14.8% 8% 0%
0-shot O-shot Few-shot This 0-shot 0-shot This 0-shot 0-shot This
(Kojima+22)  (Wei+22) (Kojima+22) (Kojima+22)
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Analogical Prompting [chen+2024]

. Stronger LLMs are better analogical reasoners

. Actually, most of the reasoning methods (both training/non-training)
heavily are affected by the LLM size

Good pre-trained LLMs are all we need!

: (+ scale down) (scale up —)
Prompting Method text-curie-001  text-davinci-001  text-davinci-002  text-davinci-003
0-shot 2% 6% 13% 14%
0-shot CoT 2% 6% 22% 50%
5-shot (fixed) CoT 2% 10% 43% 54%
5-shot retrieved CoT 3% 11% 47% 57%
Ours: Self-generated Exemplars 2% 9% 48 % 61%

GSMS8K for math reasoning
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What Does CoTl Brings into Reasoning?

. Col prompting: variable computation of the thought process adapting
to tasks of different difficulty levels

. More complex guestions » more reasoning steps in the CoTl

. Reasoning strategies enabled by CoTl
Decomposition
Planning

. We can explicitly instruct the LLM with the desired reasoning strategies
for problem solving
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| east-to-Most Prompting [zhou+2023]

. Easy-to-hard generation via decomposition

Problem Reduction

. g p—
/Q: It takes Amy 4 minutes to climb to the top k /:\égth:Z?deH;:oTea;y Hmes
of a slide. It takes her 1 minute to slide down. Language closes?” we need to first
The water slide closes in 15 minutes. How Model et “H’ow EroHBEEEaeT
Sta ge 1 many times can she slide before it closes? i ta'ke'?”
Ny | /
Sequentially Solve Subquestions
Stage 2 7 -
It takes Amy 4 minutes to climb to the top of a A: It takes Amy 4 minutes to
slide. It takes her 1 minute to slide down. The Language climb and 1 minute to slide
slide closes in 15 minutes. Model down. 4 + 1 = 5. So each trip
i 1 Q: ' ? takes 5 minutes.
Subquestion 1 \Q. How long does each trip take” y % y
It takes Amy 4 minutes to climb to the top of
a slide. It takes her 1 minute to slide down.
The slide closes in 15 minutes. A: The water slide closes in
Q: How long does each trip take? 15 minutes. Each trip takes 5
:ﬁ:ﬁgfgodel | A:lttakes Amy 4 minutes to climb and 1 LaMnggzge minutes. So Amy can slide
Subquestion 1 minute to slide down. 4 + 1 = 5. So each trip 15 + § = 3 times before it
takes 5 minutes. closes.

&

Q: How many times can she slide before it

Subquestion 2 ——

@ses? /
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sl: Simple Test-Time Scaling  [Muennighoff+ 2025]

Budget forcing: controls test-time
compute by forcefully terminating
the model's thinking process (by

(How many r in raspberry?

Question)

ﬁet's break down the process of counting the letter 'r' in the\
word "raspberry" ...
* First letter: 'r' - Thisis an 'r', count = 1.

ap
ge

oS

h

S

alella

ratl

g (”\/\/alt”)
onwhenitt

"Final Answer:") or lengthening i
to the mode

ries to ena

t by

'S

* Sixth letter: 'e' - Not an 'r', count remains 1.
* Seventh letter: 'r' - Thisis an 'r', count = 2.

* Second letter: 'a' - Notan 'r', count remains 1 ...

* Eighth letter: 'y' - Not an 'r', count remains 2 ...

The number of 'r's in "raspberry" is 2.

Walit, let's re-read the question carefully. It asks "How many r

in raspberry?" ...*r-a-s-p-b-e-r-r-y..*First'r' ... *
Qecond 'r' ... * Third 'r" ... Count =3 ... Reasoning traccy

. This leads the model to double-
check Its answer

Mathematical Competition PhD-Level ... , , ,
Problem Solving Math Science Questions My initial answer of 2 was incorrect due to a quick reading of
g5, an00) o (ARG 4SPQA Dlamond) the word. Final Answer: The final answer is|3 Response

;\3 .. .’ O
SO _ O
= 75 20 Figure 3. Budget forcing with s1-32B. The model tries to stop
O ®
<65 o ole 401 after “...is 2.”, but we suppress the end-of-thinking token delimiter

512 2048 512 2048 8192 1024 4096

Average thinking time (tokens) instead appending “Wait” leading s1-32B to self-correct its answer.

Generative Computing Lab
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Summary So Far

. Chain-of-thought generation: variable computation of the thought
orocess adapting to tasks of different difficulty levels

. How to iImprove the Col performance at inference time
—ew-shot prompting with labeling of thoughts
nstruction prompting to trigger Col generation

. Note: the best practice for interacting with LLMs evolves over time

BuUt the principles of how to discover good prompting strategies for
‘easoning hold true

-ncourage longer Col for complex tasks
. Support reasoning strategies required for the task

Generative Computing Lab
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lNncreasing the Trajectory Width
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What Was Missing?

. We should not IImit LLM to generate only one solution per problem!

. Exploring multiple branches allows the LLM to recover from mistakes
N a single generation
. Generate multiple candidate solutions per problem

. Generate multiple potential next reasoning steps given the current
(partial) thought

. Challenge: how to select the best response from multiple candidates?
N Most cases, we do not have an oracle scorer at inference time
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CoTl with Selt-Consistency [wang+ 2023

Greedy decode
) 4 N " This means she uses 3+ 4 =7 eggs every day. )
Chain-of-thought { Prompt }\ Language | | She sells the remainder for $2 per egg, so in )
prompting model total she sells 7 * $2 = $14 per day. \[ The answer is $14. ]
& ) \_The answer is $14. >
Self-consistency Sample a diverse set of Marginalize out reasoning paths
N/ reasoning paths 4 to aggregate final answers
[, W BN BN BN OB OB . S— I
~
Q: If there are 3 cars in the parking She has 16 - 3 - 4 = 9 eggs I \
lot and 2 more cars arrive, how many left. So she makes $2*9 = | The answer is $18.
cars are in the parking lot? $18 per day. i § \
A: There are 3 cars in the parking lot t ~ \
gIiegqyézcgzr?sgg:éxg}l;gere e This means she she sells the | \
B ' ' a D re?ainder for $2* (16 - 4 - 3)I The answer is $26. Y
; = $26 per day.
Q: Janet’s ducks lay 16 eggs per day. L anauaae :
She eats three for breakfast every \ J d Ig ! o The answer is $18.
morning and bakes muffins for her L2l She eats 3 for breakfast, so | )
friends every day with four. She sells - 4 she has 16 - 3 = 13 left. Then |
the remainder for $2 per egg. ng she bakes muffins, so she : The answer is $18.
much does she make every day” has 13 - 4 = 9 eggs left. So

she has 9 eggs * $2 = $18. |

\A /
. Note: the selection is only based on the final answer, the reasoning paths
do not need to be the same across different sampled responses

J
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CoTl with Selt-Consistency [wang+ 2023

Method AddSub  MultiArith ASDiv ~ AQuA SVAMP GSMSK
Previous SOTA  94.9° 60.5° ot 37.9° 57.4¢ 35¢ /559
UL2-20B CoT-prompting 18.2 10.7 16.9 23.6 12.6 4.1
Self-consistency 24.8 (+6.6) 15.0 (+4.3) 21.5 (+4.6) 26.9 (+3.3) 19.4 (+6.8) 7.3 (+3.2)
CoT-prompting 52.9 51.8 49.0 17.7 38.9 17.1
raillase-l3rs Self-consistency 63.5 (+10.6) 75.7 (+23.9) 58.2 (+9.2) 26.8 (+9.1) 53.3 (+14.4) 27.7 (+10.6)
Pal M-540B CoT-prompting 91.9 94.7 74.0 35.8 79.0 56.5
Self-consistency 93.7 (+1.8) 99.3 (+4.6) 81.9 (+7.9) 48.3 (+12.5) 86.6 (+7.6) 74.4 (+17.9)
GPT-3 CoT-prompting 57.2 39.5 21 18.9 39.8 14.6
Code-davinci-001 Self-consistency 67.8 (+10.6) 82.7 (+23.2) 61.9 (+9.2) 25.6 (+6.7) 54.5 (+14.7) 23.4 (+8.8)
GPT-3 CoT-prompting 89.4 96.2 80.1 39.8 75.8 60.1
Code-davinci-002 Self-consistency 91.6 (+2.2) 100.0 +3.8) 87.8 (+7.6) 52.0 (+12.2) 86.8 (+11.0) 78.0 (+17.9)
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CoTl with Selt-Consistency [wang+ 2023

GSM8K MultiArith ARC (Challenge)

24 ; 95 e
R 22 275 R 50
5 16 ° pu S 60 S o S -~ Self Consistency (Multi-path)
8 14 8 55 8 35 - Sample & Rank (Multi-path)
< 12 < 50 < 3¢9 ~@®- Greedy Decode (Single-path)
0 5 10 15 20 25 30 35 40 g 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
#Sampled Reasoning Paths #Sampled Reasoning Paths #Sampled Reasoning Paths

. Sample-and-Rank: select the response with the highest log probability
. Col-SC performance scales much better than prob.-based ranking
. Unless the model Is trained to be a good verifier
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CoTl with Selt-Consistency [wang+ 2023

. Consistency Is highly correlated

WIth accuracy 100 ¢ 00 oo
A~ i e
>~ 80 * o4 ®
~— &
'more sampled responses lead to - 5 . T
the same final answer: — ® %o
. . . “ 40 =
- The LLM is more certain about its 3 o |7
oredicted conclusion < 49 e  °
. The aggregated solution I1s more 0 o
likely to e correct 0 20 40 60 80 100

Consistency (%)
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Greedy decode
. d . " This means she uses 3 + 4 = 7 eggs every day. R
Chain-of-thought [ Prompt ]_\ Language | | She sells the remainder for $2 per egg, soin )
prompting model total she sells 7 * $2 = $14 per day. \‘[ The answer is $14. J
& ) {_The answer is $14. >,
Self-consistency Sample a diverse set of Marginalize out r.easoning paths
N reasoning paths p to aggregate final answers
. . SRR 1 '
Q: If there are 3 cars in the parking She has 16 - 3 - 4 =9 eggs . .
lot and 2 more cars arrive, how many left. So she makes $2*9 = | The answer is $18. \ ( I [ a_] O r I ty VOte)
cars are in the parking lot? $18 per day. i \
A: There are 3 cars in the parking lot t ~ \
already. 2 more arrive. Now there are This means she she sells the : \
3 + 2 =5 cars. The answer is 5. - " reg\ainder;or $2* (16 - 4 - 3)| The answer is $26. V
2 = $26 per day.
Q: Janet’s ducks lay 16 eggs per day. Lanauaae :
She eats three for breakfast every \ J d Ig ' > The answer is $18.
morning and bakes muffins for her 1LE2le She eats 3 for breakfast, so | )
friends every day with four. She sells - 4 she has 16 - 3 = 13 left. Then |
the remainder for $2 per egg. How she bakes muffins, so she The answer is $18.
much does she make every day? has 13 - 4 = 9 eggs left. So [

- Y

CoTl with Selt-Consistency [wang+ 2023

. Limitation: requires an answer extraction process

she has9 eggs * $2=$18. |

)

. Can we enable consistency-based decoding for free-form generation?
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Universal Self-Consistency [Chen+2023]

. Ask LLMs to pertform consistency-lbased selection!

Universal Self Consistency prompt

[ have generated the following responses
Responses to the question {question}

| = Response 0: {response 0} |
Question —LLM U—’ Response 1: {response_1} —>LLM — —

response
Select the most consistent response

based on majority consensus.
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Training Verifier [Cobbe+ 2023, Lightman+ 2023

@

Train generator

@

Generator

Generate and label
100 solutions/problem

®

Train Verifier

guestions T T
Qi | S;

solutions

~<‘°:‘©

labels

‘WO types of LLM-based verifie

Generator Verifier

]

's/rewa

Outcome-supervised rewarc

Generative Computing Lab
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mMode

Drocess-supervised reward model |

] [

t 11

d models

D)

(O

RM): verity at the sol

RM): verify at the step
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Training Verifier [Cobbe+ 2023, Lightman+ 2023

. For a given task (e.g. Math), annotate intermediate solving process
MATH Dataset (Ours)

Problem: Tom has a red marble, a green marble, a blue
marble, and three identical yellow marbles. How many
different groups of two marbles can Tom choose?
Solution: There are two cases here: either Tom chooses

two )’CHOW marbles (1 l'CSU]t), or he chooses two marbles The denominator of a fraction is 7 less than 3 times the numerator. If the fraction is equivalent to 2/5, what is the numerator of
of different colors ((;) = 6 results). The total number of Problem the fraction? (Answer: | 14 )
distinct pairs of moz;rbles Tom can choosei1s 1 +6 = |7\ @ @ Let's call the numerator x
Problem: If Y ™"  cos®™ 6 = 5, what is cos 26? l
Solution: This geometric series 1S ) () @& So the denominator is 3x-7.
1+ cos?0+cos*O+--- = L = 5. Hence,
l—cos®0 2 Generator =) (&) @& We know that x/(3x-7) = 2/5.

cos? @ = %.Then cos20 = 2cos?0 —1=| -

5} . \ ) (&) @& So 5x = 2(3x-7).

Problem: The equation % + 2z = i has two complex

solutions. Determine the product of their real parts. DO @ Sx=6x-14
Solution: Complete the square by adding 1 to each side. ®CO® Sox-7.
Then (z+1)2=1+i=¢€7v2,50x+1=%es V2.

The desired product is then

(~1-+ cos (§) V2) (~1 - cos (F) ¥2) =
)

cos( = 1 — 2
1—(:082(3)\/§=1—(1Jr 2(“)\/§= 2\[.
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Training Verifier [Cobbe+ 2023, Lightman+ 2023

. Strong LLM-based verifiers outperform consistency-ased selection

ORM | PRM | Majority Voting
% Solved (Best-of-1860) | 72.4 | 78.2 69.6

. Process-supervised reward
Model (PRM) scales better
WIth more samples

. Note: the performance Is
NIghly dependent on the
verifier guality

. The same verifier might not
-  process-Supervised RM generalize across tasks

— Qutcome-Supervised RM
- Majority Voting

78 1

46

~
IS
1

~
N
1

70 A

% Problems Solved (Best-of-N)

10" 107 10°
N = number of solutions per problem
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Tree-of-Thought [vao+2023]

. Col selects responses only after the full responses are generateo
. This does not fully utilize a step-wise scorer!
LLM + tree search: prioritize the exploration of better parUa\ solutions

oo

| i Majorlty vote

(a) Input-Output (c) Chain of Thought (c) Self Consistency
Prompting (10) Prompting (CoT) with CoT (CoT-SC)

-
-
-
-

(d) Tree of Thoughts (ToT)
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Tree-of-Thought [vao+2023]

—xample: Game of 24 (make 24 with given numbers)

Input: 491013 f i
o ) i S B __________ (a) Propose Prompt Thought Generation
: /l\A : ' ;f-*v.\.?,”ﬁf‘g;ini 4 ) 4+9=13 (left101313)
______________ Input: 4910 13 _ 10-4=6(lef:6913
...... 10-4=6 | 4+9<13 - | LM > 10=4=6lef 693
lefe101313) ossible next steps: _ p {..more lines...}
13-6=7 13-9=4 | (b) Value Prompt ) Thought Evaluation
(lefe79) left: 4 6) Evaluate if given numbers can 4 N B 13-10)*13=3*13=39
reach 24 (sure/likely/impossible) .
‘/1\A —— p 10 +13 +13 = 36 There is no way
1014:10 + 14 = 24. sure LM
4+6=10 4*6=24 fmore examples] . ) to obtain 24 with these big
(left: 10) (left: 24 101313 numbers. impossible

. At each step:
Generation: prompt the LLM to propose next thinking steps
—valuation: prompt the LLM to evaluate how good the current state Is
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Tree-of-Thought [vao+2023]

[oT with breadth-first search scales better than standard prompting
and CoTl w.r.t. token budget

. Going further: we can integrate more advanced search algorithms
. e.g. Monte-Carlo tree search (MCTS)
Need a good LLM + prompt design for self-evaluation

(a) Success rate with nodes visited

Method Success

10 prompt 7.3% N

CoT prompt 4.0% 0.4
CoT-SC (k=100) 9.0% Pl
ToT (ours) b=1)  45% 02 T T
ToT (ours) (v=5) 74 % - ToT (b=1..5)

0 29 50 79 100
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Summary So Far

. We can further scale the inference-time compute by sampling
Multiple branches in the solution space

. Consistency-pbased selection: a simple, effective and general principle

. CoTl-SC: marginalize out (majority vote) reasoning paths and select
pbased on the final answer

. We can attach (trained) external verifiers
. We can search in the partial solution space (tree-of-thought)
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lNncreasing the Trajectory Depth
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Fven the Best LLMs Make Mistakes...

. Humans also make (sometimes trivial) mistakes on first thought!

. Sampling multiple solutions can reduce mistakes from a single
orediction, but It Is still suboptimal

No feedback loop to correct the mistakes after a complete solution
IS generated

. Inference-time self-improvement
LLM Iteratively improves its own response for the given task
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Reflexion and Self-Refine [shinn+ 2023, Madaan+ 2023

[ l. Decision making l

[ 2. Programming |

r

You are in the middle of a room

~

( 3. Reasoning |

J

Task: You are given a list of two

s 8 J

Task: What profession does John

(a) Task [...] Task: clean some pan and put strings [...] of open '(' or close Lanchester and Alan Dean Foster
it in countertop. ')' parentheses only [...] have in common?
3 > B X .
l '[...] | | def match parens (1lst) : | | Think: [...] novelist, journalist,
(b) Action:take panl from stoveburnerl 1f sl Jeeunt("(") + erafie. [...)] mewelist,
Trajectory Obs:Nothing happens. [...] S2:¢ount'(* (") == sl,eount({*) ") * screenwriter [...] common 1is
i Action:clean panl with sinkbasinl g2;count (") ")s l.ssl novelist and screenwriter.
| Obs:Nothing happens. [...] return 'No' | | Aetion: “novelist, screenwriter”
(c) -
Evaluation Rule/LM Heuristic: Self-generated unit tests fail: Environment Binary Reward:

Hallucination.

| assert match_parens(...)

| O

(internal / external)

v

(d)

| % e |
stoveburner 1 [.

tried to pick up the pan in
- @

[l

wrong because 1t only checks
if the total count| of open and

ﬁ[...] failed because I incorrectly
assumed that they both had the
same multiple professions [...]

. : 1} th ] B || v s : . 5 2
Reflection | was not in stoveburner 1. [...] e e [ ! accurately identifying their
order of the parentheses [...] .
{ ) L professions.

l | [...] Action: take pan 1 from [ ] | [ Think: [...] So the profession

(e) Next stoveburner 2 S : : John Lanchester and Alan Dean
. return 'Yes' if check(Sl) or : , ,

Trajectory | [--.] Obs: You put the pan 1 in 'No " Foster have in common is novelist.

| Countertop 1.

check (S2) else

LAction: “novelist”

- LLM genera
. Use externa
. Self-refines by referring to interna

evaluation whe

Generative Computing Lab
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feedback and external evaluation
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Rethinking the Scaling Law iwu+2024]

Inference scaling (Weighted Majority) Inference scaling (Weighted Majority)
70 704 * / 14.5
= = : 14.0
b "
% 60 = 60
7 —~
O 50- O 501 A 13.5»
= - )
> 40 < 13.0 2
S s 471 125
o O i ) ¢ =
» 301 % 30- | -4 112.0
= ke 0 i
11.5
2 8 32 128 512 2048 05 1 2 a4 8 16
Inference FLOPs per question (x1011) Model size (B)

. With the same FLOPs budget at inference, we can sample more
solutions (or more reasoning tokens) from a lighter model

. The optimal model can differ depending on the inference budget

Generative Computing Lab ECE7115 Multimodal VLM (Spring 2026)

Inha University



Training Reasoning
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ol: Test-Time Scaling [openail 2024

. Alog-linear relationship between inference o ol AN accuracy
compute (# tokens generated) ano
downstream performance .

A fundamental property of models, .
unlocked in its popular form with RL

o))
o
!

o

Can pe done in many ways:
one long Col seguence, multiple agents

N
o
|

pass@1accuracy

N parallel, or mixes of the two, etc 20 1
mMproving inference-time scaling
changes the slope and offset of the curve 0-

test-time compute (log scale)
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ol: Training-Time Scaling (with RL!) [openai 2024

. Scaling RL compute also has a log-linear e accuracy

100 -

return on performance!
. Core question: isscaling RL training just oo -
eliciting more from the base model or .
actually teaching new abilities? ° 60 o
. The results In a two-sided scaling landscape % 40 ’
for training language models, = ’
OOoth pre-training and post-training 20 -
he third scaling axis is at inference (No
welght updates there) 0

train-time compute (log scale)
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The Scaling RL Era

RL IS now the load-bearing step N training during training
the most capable models 0o

Reasoning models (o], DS-RI, etc.) are
trained with these on verifiable rewards

80 -

— . . . . >
ralin-time compute scaling via RL £ 60 - o
Test-time compute scaling via extended & *
reasoning @ 40 - y
I I S ¢
RL went from "cherry on top" to a core
capabllity driver 20 -

train-time compute (log scale)
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“Pure” Reinforcement Learning (cherry)

= |
The S » The machine predicts a scalar
reward given once in a while.

. Rl is N » A few bits for some samples fir'fgy
he mc & Supervised Learning (icing)
- Reasor  » The machine predicts a category
trained or a few numbers for each input
. » Predicting human-supplied data *
+ 1raln » 10-10,000 bits per sample e * °
JTest- '

reasC @ Unsupervised/Predictive Learning (cake)

D W » The machine predicts any part of
its input for any observed part.

Capa » Predicts future frames in videos
» Millions of bits per sample

# (Yes, I know, this picture is slightly offensive to RL folks. But I'll make it up) s (ogscale)
Yann LeCun, NeurlPSIlo
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RL with Verifiable Rewards [Lambert+ 2024, Guo+ 2025]

. Apply RL to LLMs when the answer can be checked directly
. No need to train a reward model!

. e.g. Math: final answer / Code: unit tests Verifiable
Reward

- {’Y if correct

0 otherwise

. No learned RM, so no proxy objective
. Enables scaling RL compute on reasoning tasks
. Unlocked inference-time scaling

. Spending more token compute Training
INCreases reasoning performance data

;

9t+1 = 9t == CKV()J(’/T())

. Note: RLVR was named by Tulu 3 and popularized
oy DeepSeek-RI
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RLVR: Same RL, Verifiable Rewards

. RL methods power both RLHF and RLVR
. RLHF: reward model scores subjective guality (human preference)
. RLVR: verification function checks correctness (math, code)

. Same policy gradient algorithmes, different reward source

Verifiable
Reward Reward
mOdeI S {’Y if corref:t
0 otherwise

S; [ Agent a;

0t+1 == 9t + QVQJ(WQ) 9t+1 — Ot + aVQJ(ﬂ'g)
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Veriflable Reward

Domain Verifier Example Reward Example
Math Final answer extraction 11T correct, O otherwise
Coding Unit tests / hidden tests Fraction of unit tests passed

Instruction following

Constraint checker

Whether format/constraints
are satisfied

Theorem/proof Proof checker 1 1f the proof is valid
. 1 when the target state Is
Tool use Tool environment
reached
Agent task Browser, shell DB sandbox Task success, with cost penalty

Generative Computing Lab
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Classical RL vs. RLHF vs. RLVR

Reward

State transitions
Reward granularity
Primary challenge

Example

Generative Computing Lab
INnha University

Classical RL

Environment

RLHF

Learned (proxy)

Yes No

Per-step Per-response
Explore-Exploit Trade-off Over-optimization
CartPole Chat style tuning

RLVR

Verifiable (exact)
No

Per-response

Task generalization

Math reasoning
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Why Does RL Work Now?

. Stability 1Is much more tractable: Still a first-class research propblem

(ent

Ma

‘'opy collapse, long-nori

ture enough for widesp

zOoN credit), but tooling and recipes are

‘ead adoption

. Base models are good enough: Multiple sources suggest RL reasoning

training on
. A capabi

y became viable with models from ~2024 onwards
ity floor was needed

. Veriflable domains provide clean signal: Math and code give

dnambiguous rewards, avolding the reward hacking issues of RLH

Generative Computing Lab
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New Algorithm: GRPO [shao+ 2024

. Group Relative Policy Optimization (GRPO) was introduced In
DeepSeekMath for math reasoning

. Start with PPO (many parts are similar)
. Remove the value function / advantage computation
. Calculate the advantage as "z-score within a group"

Group Relative Policy Optimization In order to save the training costs of RL, we adopt Group
Relative Policy Optimization (GRPO) (Shao et al., 2024), which foregoes the critic model that is
typically the same size as the policy model, and estimates the baseline from group scores instead.
Specifically, for each question g, GRPO samples a group of outputs {01,02, -+, 06} from the old
policy mg,,, and then optimizes the policy model my by maximizing the following objective:

Jerro(0) = E[q ~ P(Q), {Oi}?:‘l ~ 76,,(0|q)]

G
%Z (min( o(0il)) , clip( mo(0ila) 4 _ e 1 +e) Ai) _ pDyy (7[9“7tref)) ’ (1)
i=1

70,4 (0ilq) i’ 0, (0ilq)”
7l'ref(ot"cl) ﬂref(0i|Q)
Dk (|| 7rer) = -lo -1, 2
. (ollres) m6(0ilq) ® 26(0il0) w
where ¢ and B are hyper-parameters, and A; is the advantage, computed using a group of
rewards {ry,ro, ..., r} corresponding to the outputs within each group:

ri _mean({rlerI' "t er})
Aj =
Std({rlerI' v ,T'G})

(3)
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Recap: REINFORCE

. Gradient ascent on reward can be written as minimizing
Lrerorce(d) = —R(y)log mo(y | x)

VoJ(0) = Eyny(-|2) [B(Y)Velogme(y | z)] -
. The core idea Is that we sample over trials and estimate the gradient
. For a sampled answer:

fthe return is high, it will push up the probabilities of the response
fthe return is low, it will push down the propabilities of the response

T
oken-level REINFORCE: LgeinrForce(f) = —R(x,y) Zlog To(Ye | T, y<t).

t=1
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Recap: PPO

. Core idea 1. constrained updates

Large gradient steps can destroy the policy (instability, over-
optimization, etc.)

. [rust regions IImit how far the policy can move in a single update

. TRPO [Schulman+ 2015] solved this with a hard trust-region
constraint, but reguired expensive second-order optimization
(and very hard to understand and mplement)
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Recap: PPO

. Core idea 2: Importance sampling

. We want to take multiple gradient steps on a pbatch, but the data
came from an old policy

7T9(a,t | St)
Told(at | s¢)

. Define the importance sampling ratio p«(0) =

f p. =1: current and old policy agree on this action

f pr > 1. current policy assigns higher probability than old
It pr < 1:current policy assigns lower probability than old

. This re-weights old-policy samples to estimate new-policy gradients
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Recap: PPO

PPO clips the ratio p: to prevent large updates
A practical surrogate inspired by trust-region 1deas

use € = 0.1-0.2
IN practice

slope = +A;

\

A:>0 A:<O

PPO Objective

slope = -A

1-¢ 1 T1+¢
R(8) = mg(als) / moq(als)
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: . - 5 T9(Yuw | T) mo(y | z) \
Reca p. D PO LDPO(H) — “(,Yw Y1) ~Dpret -lOg (’Blog Wref(y’w | g;) ﬁlOg Wref(yl | 37))_

DPO increases the probability of chosen responses relative to the
reference model, and decreases that of rejected responses

| | 29 = ,6 Iog 7T9(yw |$) IOg 7T9(yl ‘ CB)
DPO loss gradient is T Tret(Yuw | @) Tref (Y1 | T) _
VoLppo = —B0o(—2p) [Velogmy(yw | ) — Velogmy(y; | z)]
Nnigher weight when (implicit) INcrease decrease
‘eward estimate is wrong ikelihood of y,,  likelihood of y,
f policy already prefersy,, over

y, less gradient

DPO works like adaptively weighted preference matching
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Recap: PPO vs. DPO

PPO-RLHF

Aspect

Feedback

Reward model

Sampling during update

Main regularizer

Optimization

. P
D

GCene

PO reguires four mode
PO requires two mode

rative Computing Lab

Inha University

RM score

explicit

yes

KL to reference

RL loop

S: PO
S: PO

ICY, re

DPO

preference pair
implicit

no, usually offline
reference log-ratio

supervised-style loss

ference, value function,

ICy, re

erence

RM
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Are PPO/DPO All We Needed?

. Downsides of PPO
oractice, complicated implementation

A

D)

DO needs a value moc

e

. Memory hungry, involves additional tuning for training

. Downsides of DPO

Data not inherently pairwise (or in the form of BT comparisons)

. Offline (though could be made online by iterating)

Generative Computing Lab
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REINFORCE Leave-One-Out (RLOO)

. RLOO baseline: (1) generates K responses per prompt (2) uses the other
K — 1 rewards as the baseline

K
1
b(saa'k) — K —1 Z R(Svai)
i=1, i4k

. The advantage for response K: A(s,ar) = R(s,ax) — b(s, ax)

. Thisisa per-prompt baseline that naturally captures prompt difficulty

. Hard prompts get low rewards across all completions,
so the baseline is low
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RLOO Example

. K =4 responses for one prompt, with rewards [0.8,0.3,0.6,0.5]

Completion Reward Baseline (avg of others) Advantage
1 0.8 (0.3 4+ 0.6 + 0.5)/3 = 0.467 +0.333
2 0.3 (0.840.6 +0.5)/3 = 0.633 —0.333
3 0.6 (0.840.3+0.5)/3 = 0.533 +0.067
4 0.5 (0.840.3+0.6)/3 = 0.567 —0.067

. Completion 1 (best) gets reinforced
. Completion 2 (worst) gets suppressed
. Completions 3 and 4 get small updates
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RLOO

No value function needed and RLOO baseline is strong In practice
. RLOO Is linked intuitively to GRPO

----------------------- ~\~
------------- S
[ | \\
' \
\
\
Reward
' a
‘V { ' J Model { Ai J
. Model | > f TLE T
e, ' S [ ]
j : aK A
- Key [Trained} Frozen [ J Model K

RLOO architecture for language models. Same structure as REINFORCE, but multiple completions per prompt provide the leave-one-out baseline.
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GRPO: PPO for Reasoning [shao+2024]

. Group relative policy optimization (GRPO): (1) generate G responses
oer prompt, (2) use the group's reward statistics as the baseline

. No learned critic (value function) needed (saves memory)
. Simpler to mplement than PPO

. Natural fit for RLVR where you have a clear verification signal ano
Nnigher variance rewards (O or 1 for correctness)
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GRPO Advantage

. Fora group of G responses with rewards Ry, ..., R;

i R; — mean(Ry,...,Rg)
* std(Ry,...,Rg)

. /-score normalization: positive advantage for the above-average
responses, negative for below

. Each token in completion 1 gets the same advantage
(seguence-level, not per-token)

Generative Computing Lab ECE7115 Multimodal VLM (Spring 2026)

Inha University



~  R; —mean(Ry,...,Rg)
GRPO Example 4= & teetf. . fo

. G =4 responses for one prompt, with verifier rewards R =[1,0, 1, 0]

GRPO advantage Is

'1-05 0—-05 1—-05 0—0.5
|GRPO _ 05’0 05, 05’0 0.5 11,1
0.5 0.5 0.5 0.5
RLOO advantage is
0+ 1+40 14+1+40 14+0+0 1+0+1]7 [2 22 2
RLOO __ _
A = ! 3 Y 3 01 3 Y 3 | |3 33 3
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~  R; —mean(Ry,...,Rg)
GRPO Example 4= & teetf. . fo

. What it verifier rewards are R =[0,0,0,0]or R=1[1,1,1,1]7?

here are no "relatively better (worse)" responses

-irst prompt is too difficult and second prompt Is too easy
> No meaningful group relative advantage signal

Difficulty filtering, dynamic sampling and curriculum would e
the key ideas to make useful relative signal
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GRPO Opjective

. Clipped ratio (er

DQ)+G

R advantages + KL penalty directly in loss

Der-token importance ratio pi:(8) =

o (yi,t | €L, yi,<t)

but advantage is
Wold(yz‘,t | €Z, yz‘,<t)

shared across all tokens In the response (sequence-level advantage)
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GRPO

s -~ i s N .
" - S
.7 KL in loss o
I‘ == e PN ‘\
1 ’ >
\‘ ’l f‘\ \
! :' [ a J Reference { r J [ A J
, Model
p Y \‘ f D
] > ~ Model Reward Model —> Ai=—= >
(or verifier) . y

| [ ac ] [ rG J [AG ]
Key [Trained} Frozen @
| i, o from group

GRPO architecture for language models. Multiple completions per prompt, group-normalized advantages, no value model needed.
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PPO vs. GRPO

PPO GRPO
Value function Learned V, None
Advantage Per-token via GAE Sequence-level, group z-score
KL penalty In reward (before advantages) In loss (default, but optional)
Models in memory 4 (policy, value, ref, RM) 3 (policy, ref, RM) or 2 without KL
Complexity Higher Lower
Popular for General RLHF Reasoning / RLVR (DeepSeek R1)

Nntuitively, GRPO Is PPO minus the value function, with a statistical
baseline Insteao
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RLOO vs. GRPO

RLOO GRPO
Baseline Leave-one-out mean Group mean (z-scored)
Update style REINFORCE (no clipping) PPO-style clipped ratio
KL penalty Optional (in reward) In loss (default, but optional)
Advantage R Kl_l > itk R; Ri_sﬁliean

. The key difference is in the PPO-style clipping for GRPO

. Without std normalization, the GRPO-style advantage estimate
becomes equivalent to RLOO up to a scaling constant
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G i
Dr. GRPO [Liu+2025]  Jamwo(@) =E |5 3203 min(aisdisclib(pis 1= e1+4)

‘yz'

. Optimization bias in GRPO
. Question-level difficulty bias: GRPO divides rewards by (INn-group) o,

hence guestions with lower std are given higher weights during
oolicy updates

Response-level length bias: GRPO divides A by |y (sampled
response length), hence longer responses are penalized less due to
their large |y;| , causing the policy to prefer lengthier responses

— — — — — — — — — — —— —— — —— — — ———————

\ 7 N

:/ | I( oy | | | T ‘@ Correct O 1~/ std(R)\
@ q1 sl | ] [ ] ] [ a ‘ £ 20008ee ¢ @ Incorrect it A;./[o;|
| sl [ [ ] ] ] ] N 03 MEE T , 1
| | | GRPO’s 1 Azat
\ . T, Ait = '

~_____ S wwwws 7 /' advantage: " std(R) |o;]
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Dr. GRPO [Liu+2025]

GRPO . Dr. GRPO

. Advantage: ASRPO — }z"'_“f . Advantage: AP0 = R, — ug
G
1 B |yz| |yz|
- Length norm: Leq= % ), ™ ZEM . Length NormM:  Liixed = Z Zezt
1 191l s Limax 1

. Dr. GRPO = GRPO without std norm and with fixed length norm

a )

GRPO Token Efficiency
G o . . . . o
l E L {mm [ 7t (Oz,th/ 01’<t) Ai t, Chp ( o (Oz’th’ 01’<t) ,1—€,1+ e) Ai t] } , 0.6 % - ‘ e @
G i=1 |oi| t=1 7T901d (Oi,t|qr Oi,<t) ’ 7T901d (Oi,t|ql 0i,<t) ’ § ;«l“&&&“
0.5 ard
: R(q,0;) —mean({R(q,01),...,R(q,05)}) 4
where A;; = . S S RL training progress
std({R(q, 01), ---, R(q,06)}) B 04 & & PTog
\_ ) (]
- EE
Dr. GRPO of "
GRPO Done Right (without bias) 0.2 & ¢
| G loi 01 ¢ Dr. GRPO
1 Z {min [ 7(0i 1|9, 0 <) Ai,t;dip ( 7(0i 1|9, 0 <) 1-e1 +€) Ai,t] }, : e GRPO
G i=1t=1 78,4 (Oi,t|qr 0i,<t) 789,14 (Oi,thr 0i,<t) 0.0- | | . '
o 400 600 800 1000
} where A;; = R(q,0;) — mean({R(q,01),..., R(q,06)})- ) Output length
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Group Seqguence PO (GSPQO) [zheng+2025]

7T9(Z/z‘,t | xayi,<t)
7Told(yz',t | €z, yz’,<t)

. Aggregating token-level importance ratio pi,:() =
across long seguence Is unstaple

A single token with a large ratio can dominate the update

. GSPO uses a length-normalized importance weight per response

ngeq(g) = exp ( 1 Zbg We(yi,t | CUayz',<t) )

A i1 Told (Yi,t | 5 Yi,<t)

G |y
1 1 : :
Jarro(0) = E G E m E min (p; ¢ A;, clip(pie, 1 — €,1+€)Ay)
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DAPQO [vu+2025]

Decoupled Clip and Dynamic sAmpling Policy Optimization

. What is missing in GRPO?

Key technical details of SOoTA models (o], DS-RI, etc) are concealed
Naive GRPO does not perform well in practice
N particular, this does not work as expected in long-Col settings

| . Model AIME24,,a32
. > A practical recipe of GRPO for long-CoOl  “peepseek-Ri-zero-awen-328 -
RLVR model Naive GRPO 30
+ Overlong Filtering 36
+ Clip-Higher 38
+ Soft Overlong Punishment 41
+ Token-level Loss 42
+ Dynamic Sampling (DAPO) 50
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DAPQO [vu+2025]

. GRPO baseline suffers from entropy collapse

RLVR model uses explicit rewards: correct =1/ wrong = O

. The model puts too much probability on a few tokens or patterns
. The output distribution becomes too sharp

. As a result, the model may:

Repeat the same reasoning template

Jse fewer diverse tokens

. Generate much shorter or longer outputs
. Collapse Into a fixed response style
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DAPQO: Dynamic Sampling [vu+2025]

. GRPO works well when success/fail examples are mixed within a group
. What If the verifier rewards are R =[0,0,0,0]or R=1[1,1,1,1]7
N this case, all the G samples have zero gradient

. Dynamic sampling: over-sample and filter out prompts with the
accuracy equaltolor O 0< |{o; | is_equivalent(a,o0;)}| < G.

o
w

AIME avg@32

o
[

— w/ Dynamic Sampling
w/o Dynamic Sampling

o
o
]

0 2000 4000 6000 8000
Step
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DAPQO: Clip-Higher [vu+2025]

DPO/GRPO suppress large policy updates with cli
BuUt clipping can also [Imit exploration too much

oping: clip (p:(0),1 —€,1 + ¢€)

. Decoupled clipping: allow a larger upper clip for good trajectories
clip (Pa 1 — €ow, 1 + ehigh) €high =~ €low

= Betterent

0.40 -

0.35 A1

N

®) 0.25 -
o)

>
© 0.20 A

I}

= 0.15 -

<

0.10 -
0.05 -

0.00 A
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ropy, exploration, and diversity In

0.30 -

—— w/ Clip-High
w/o CpHgW

Ntuition: Be conservative when pushing bad trajector|
More aggressive when reinforcing good reaso

NiNg tra.

es away, but
jlectories

ong-Co

Generation Entropy
© o o o o o
N w S (6] [e)} ~

©
[

o
o
1

0

—— w/ Clip-Higher

w/o Clip-Higher

500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

Step Step

reasoning
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DAPO: Token-Level PG Yur 2025]

. |ssue of sample-level loss iIn GRPO éz 1,| Z
Long-Col contains many tokens
> Each token receives a weaker learning signal

_ong, high-guality reasoning may e under-traineo

_eads to an unhealthy increase N entropy and response length

. 1
- Tokeh—\eve\ 0ss:aggregate over all t.okens across the group S Z
. This does not fully solve credit assignment i=1 17l i=1 =1

BuUt It reduces the chance that the learning signal from long
reasoning traces gets diluted.
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DAPQO: Soft Overlong Punishment [vu+ 2025

. IN GRPO, ITf the out

OUt exceeds the max length, it Is truncated and

recelves reward = -
. e.g. The reasonir

g 1S 3

truncated, then-

‘ne w

(reward noise)

Most correct, but the last 10 tokens are

Nole response receives negative reward

. Soft overlong punishment: Add a buffer zone near the max length
. Avoid a sudden reward drop to -1
. Treat length overflow as a gradual penalty, not a binary failure

Lcache

O, |y‘ S Lmax Lcache
Rlength (y) — (Lmax_LcaChe)_|y|a Lmax — Lcache < |y| S Lmax
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_17 Lmax < |y|
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DAPQO: Objective [Yu+2025]

G |yz

z |y Lme (pit Ai, Clip(pit, 1 — €iow, 1 + €nign) Ai)
1=1 1J?] =1 t=1

JDAPO(O) — 4*’(a:,a)er, {y ?=1N7Told('|37)

s.t. 0< |{z' LY correct}| <G.

. Normally, DAPO removes KL penalty
. GRPO:

Jarero(0) = E G Z

|y |
Z mln pz tAza C“p(pz ty 1 — €, 1+ E)A ) o IBDKL(T‘-OHWl’ef)

‘yz

Generative Computing Lab ECE7115 Multimodal VLM (Spring 2026)

INnha University



Summary: RLVR

Reward

State transitions
Reward granularity
Primary challenge

Example

Generative Computing Lab
Inha University

Classical RL

Environment

RLHF

Learned (proxy)

Yes No

Per-step Per-response
Explore-Exploit Trade-off Over-optimization
CartPole Chat style tuning

RLVR

Verifiable (exact)
No

Per-response

Task generalization

Math reasoning
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Summary: GRPO Family

Method What Changes? Key |dea Main Goal
PPO [|Uses avalue model and GAE |Actor-critic RL with clipping Stable RLHF
RLOO |Removes the value model Uses leave-one-out group average as the Critic-free RL
Jses group-normalized Subtracts group mean and divides by group  |Value-free RL for
GRPO
advantage std RLVR
Dr. Removes biased normalization |Uses group mean only; removes std and length  ece biaced CGRPO
GRPO [terms normalization
GSPO |changes the importance ratio USQS sequence-level ratio instead of token-level|Stable sequence-
ratio evel RL
SAPO Adds practical long-CoT Dynamic sampling, clip-higher, token-level -xploration and

training tricks

|oss, soft overlong penalty

scaling
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